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The purpose of this note is to correct a misstatement which I have dis- 
covered in my paper [l] regarding the supposed maximality of certain 
arithmetic groups. In [Z] Helling describes a certain collection of 
arithmetic subgroups r[u; f] of PC&(k) for an arbitrary number field k 
such that each arithmetic subgroup of PC&(k) is conjugate to a subgroup 
of at least one of the groups f[u; f]. This implies that the collection of 
grow IrCu; fl> contains a representative of every conjugacy class of 
maximal arithmetic subgroups of PGL,(k); however, Helling does not 
specify which of his groups is in fact maximal. In [ 11 I essentially 
reproduced Helling’s results, giving a proof in adelic language, and at the 
same time provided a description of his groups by means of the known 
classification of the maximal open compact subgroups of PGL,(k,) for 
each prime p of k. On p. 577 of [ 1 ] I stated that each of the groups T(K) 
appearing in (2) of Section 2.2 of [l] is maximal arithmetic in PGL,(k); 
however, this is false and one may see by examples (cf. proof below) that 
not all the groups r[u; f] are indeed maximal. In [ 1 ] I gave a complete 
proof only of the maximality of the groups r[u; l] (in proving 
Proposition 1 of Sect. 2.1) which are the only groups of the form f(u; f) 
seriously discussed in the remainder. 
In this note, for the sake of completeness, we rectify this point by giving 
necessary and sufficient conditions for any one of the groups r[u; f] to be 
maximal arithmetic in PGL,(k). 
The genus group G(k) of k is defined to be the factor group of the ideal 
class group of k by the group of its squares. If b is a fractional ideal of k, 
write b N 1 if the ideal class to which b belongs is in the principal genus of 
k, i.e., is in the identity element of G(k). If f is a nonzero integral ideal of k, 
define f. to be the 1.c.m. of all divisors of f in the principal genus of k. Then 
one can prove 
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THEOREM. f[v; f] is u maximal urithmetic .ruhgroup qf‘ PGL,(k) lf und 
onry if f = f’, 
We shall call a square-free divisor f of k reduced if f = f,,. 
Remark. To bring Section 2.2 of [ 1] into agreement with other parts of 
the paper (and with Helling’s work [2]), it is necessary to replace the 
matrical elements (two by two matrices, column vectors, etc.) of Section 2.2 
by their transposes. 
Proqf qf Theorem. Let p be the canonical homomorphism of CL,(k) 
onto PGL,(k) and let F(v,; f)=p ‘(/‘[v; f]), the notation being as in 
[ 1, 23. Because of the results already discussed, it suffices for proving 
r[v; f] is a maximal arithmetic subgroup of PGL2(k) to show that 
whenever for some UE CL,(k) we have 
T( v; f ) c F( v’; f’) (1) 
for some v’, f’, then equality has to hold in (1): “F(v; f) = F(t)‘; f’). 
Let f # (0) be a square-free integral ideal of the ring o of integers of k, let 
a 1 f, a - 1, and let p be a prime divisor of a. Then there is an integral ideal 
r, prime to f and to v such that r*a is a principal ideal, and it can be shown 
by essentially elementary global considerations, together with local 
calculations, that there exists 
such that (ISI ) = r*n. This implies that, locally, S belongs to the ring 
where 7c is a prime element of p. However, if p is a prime divisor of f but 
not a divisor of some a) f with a - 1 (i.e., p is not a divisor of fo), then 
every SE $(v; f) is locally (at p) a scalar multiple of a unit of the order 
Q,= Op n”Y . 
( > 0, 0, 
Therefore, as is easily seen, if f. is a proper divisor of f, then F(v); f) is a 
proper “congruence” subgroup of ~(v(D; fo), so that r[v; f] cannot be 
maximal. This proves the necessity of the condition f = f. for r[v; f] to be 
maximal. At the same time we see that (1) implies 
uF(v; f) c F(v’; f;). (2) 
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Therefore, to verify the s@ciency of the condition f = fo, it is enough to 
show that whenever f and f’ are reduced, then (1) implies the equality of its 
two sides. 
Next, following the observation of Helling in [3] and using the result of 
the above indicated elementary calculations, we see that f. is the 1.c.m. of 
the integral square-free parts of the ideals (ISI ) for S an element of F(u; f), 
or equivalently for SE “F(D; f). Consequently, if we assume f and f’ are 
rc~luced then (1 ) implies that we have f 1 f’. 
Suppose then that (1) holds with i and f’ reduced and (necessarily) f / f’. 
If we suppose also that f # f’, then let p. be a prime of o such that p. 
divides f’ but not f. Let T(o; f), be the closure in GLz(k_,,) of the projection 
F(D; f),, of F(D; f). Because of strong approximation, r(n; f), contains the 
group of units of determinant one in the order Q,) for all p, and for each p 
not dividing i contains a conjugate of SL2(op). We consider the tree 
( = arbre, cf. [4]) whose vertices are the similarity classes of lattices in ke, 
and whose edges join adjacent vertices (corresponding to adjacent pairs of 
lattices). It follows from the local calculations alluded to above, from [4, 
p. 108 (Ex. 2)], and from [4, p. 109, (b) Action sur les a&es] that if p does 
not divide f, so that T(o; f), contains a conjugate of SL,(o,), then F(D; f),, 
stabilizes one vertex and permutes transitively the adjacent vertices, 
therefore cannot stabilize an edge, while if p/f, then T((D; f), stabilizes one 
edge but contains an element interchanging its two end points, therefore 
cannot stabilize a vertex. Consequently, the assumption (1) with f and f’ 
reduced leads to a contradiction if there exists such a p(,. Therefore f = f’ 
and (1) becomes: 
~‘F(u; f) c F( 0’; f )). (3) 
We also infer from these calculations and from consideration of the tree 
that if f is reduced, then for each prime ideal p of o, r(u; f), is contained in 
exact/y one maximal, open, compact-mod-center subgroup K(u; f), of 
GL,(k,) (namely, the stabilizer of exactly one edge or of one vertex of the 
tree). Then K(u; f), contains a unique maximal compact subgroup, namely 
the group of matrices with determinant in 0,: Now let G, = 
n,, , GL?(k,,) (product over the archimedean places u of k). It is easily 
verified by local calculations that we have 
~(u;f)=GL,(k)nn’K(u;f),.G,, (4) 
where ’ indicates restricted direct product with respect to the family of 
maximal compact subgroups in the factors K(u; f),. Now (3) implies that 
we have 
“K(u; f),> = Wu’; f IL, for all p, (5) 
186 WALTER L. BAILY, JR. 
and then (4) implies that 
T(v; f) = F(v’; f), 
completing the proof. 
In case k is totally real and if we use the superscript + to indicate either 
totally positive elements or matrices with totally positive determinant or 
the (equivalence according to) narrow ideal classes, then we have the 
COROLLARY. r+ [v; f] is a maximal arithmetic subgroup of PGL:(k) if 
and only if f = f,’ , the least common multiple of divisors of f in the narrow 
principal genus of k. 
The proof follows that of the theorem with minor modifications. 
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